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ABSTRACT. Given an arbitrary graph I' and non-negative integers g, for each vertex v of
I, let Xt be the Weinstein 4-manifold obtained by plumbing copies of T*Y,, according to
this graph, where ¥, is a surface of genus g,. We compute the wrapped Fukaya category
of Xr (with bulk parameters) using Legendrian surgery extending our previous work [14]
where it was assumed that g, = 0 for all v and T" was a tree. The resulting algebra
is recognized as the (derived) multiplicative preprojective algebra (and its higher genus
version) defined by Crawley-Boevey and Shaw [8]. Along the way, we find a smaller model
for the internal DG-algebra of Ekholm-Ng [12] associated to 1-handles in the Legendrian
surgery presentation of Weinstein 4-manifolds which might be of independent interest.

1. INTRODUCTION

In this paper, we continue our study from [14] of computing explicit models for the
wrapped Fukaya category W(Xt) of the 4-dimensional open symplectic manifold X, ob-
tained by plumbing cotangent bundles of surfaces according to a graph I'. Previously in
[14], we restricted to case of plumbings of cotangent bundles of 2-spheres and X was ex-
hibited as a Legendrian surgery along a link Lt C (S?,£,4) and the Chekanov-Eliashberg
DG-algebra %r of Lr was computed explicitly for any tree I'. It is known that %r is A.-
quasi-isomorphic to the endomorphism algebra of the full subcategory of W(Xr) whose
objects are the cocores of the 2-handles in the surgery presentation [5] (cf. [11, Thm. 2]).
Furthermore, a combination of results of [5] and [1] implies that these cocores split-generate
W(Xr). A proof of the stronger statement of generation (rather than split-generation) is
recently given by Chantraine, Dimitroglou-Rizell, Ghiggini, Golovko [9]. Thus, we take
Ar as our primary object of interest.

We improve on the results of [14] in two aspects. Firstly, no restriction is imposed on
' which was assumed to be a tree in [14] and only plumbings of T*S5?’s were considered.
When I is not a tree or cotangent bundles of positive genus surfaces are used, Legendrian
surgery description of X necessarily includes 1-handles, and the computation of %r is
more involved. More precisely, for any connected graph I' with s vertices and s + k — 1
edges and g = > g,, we shall construct a Legendrian Lr in #829(S! x 52 £,4) with s
components such that X is obtained by Legendrian surgery on Lr. A roadmap for an
explicit computation of Zr is provided by the work of Ekholm-Ng [12] which involves a
countably generated internal DG-algebra .# associated to each 1-handle in the surgery
presentation. We find a simplification by proving that a finitely generated DG-subalgebra
of .Z is quasi-isomorphic to .#.
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Secondly, when I' is one of the A,,- and D,-type trees (and conjecturally we also include
FEs, E;, Eg-types), it was shown in [14] that Zr is quasi-isomorphic to Ginzburg’s DG-
algebra ¢, away from a small set of exceptional characteristics for the ground field K.
On the other hand, if ' is a non-Dynkin tree, the explicit computation in [14] shows that
Pr is a deformation of ¥r. In this case, it is also known that ¥ is quasi-isomorphic to
H°(%) =TI, the (additive) preprojective algebra attached to I' (in contrast, % has non-
trivial cohomology in every non-positive degree, when I' is a Dynkin tree). It was argued
that the associated formal deformation is trivial over a field of characteristic 0 since Iy
has no formal deformations as a Calabi-Yau algebra, but the precise determination of
quasi-isomorphism type of Ar was not given.

In this paper, we first restrict to the case g, = 0 and show that for any finite graph I,
Ar is quasi-isomorphic to the derived multiplicative preprojective algebra .21 whose zeroth
cohomology is isomorphic to the multiplicative preprojective algebra Ar defined in [8] by
Crawley-Boevey and Shaw with motivation coming from the Deligne-Simpson problem.
Next, we extend this to the case where g, is arbitrary. The resulting DG-algebra is quasi-
isomorphic to a positive genus version of the derived multiplicative algebra that appears
in [3]. We shall denote this by % and its zeroth cohomology H°(% ) by Arg, where
g =(91,99,.-.,9s) is an s-tuple of non-negative integers recording the genus g, associated
to vertices of I'. When g is omitted, it is understood that ¢, = 0 for all v.

Before giving the definition of Ar g and £t g, let us first introduce some notation. As in
[14], we fix a field K and the semisimple ring

k= éKev
v=1

where ¢ = e, and e,e,, = 0 for v # w, and {1, ..., s} is the set of vertices of I'. Here, we
shall work over a bigger ring:

k(tE) = k(ty, t7  to, t50, .t D (ot =t M, = ey, the, = euts =0 for v#£w
1 2 s v v v v

We also fix a spanning tree T C I' and orient the edges of I'.  The multiplicative pre-
projective algebra Ar is the associative algebra obtained from k{t*) by adjoining free
(non-commuting) generators

Ca, C, for any arrow a €', and

-1
a

Zay 2, for any arrow a € I'\T

—1
V3

Qi O 1y Buis U_Zl for any vertex v e {l1,...,s}andi=1,2,...,¢,.

(Note that there are indeed 4 generators associated to a € T\T": ¢,, ¢, zq, 2, 1)
The k(t*)-bimodule structure on Ar is obtained by extending the scalars from the k-
bimodule structure defined by

EwCaby = Cqy  €yCabyy = Ch

a’
Cviiey, = 2T
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if and only if v = s(a) and w = t(a) are the source and target vertices of the arrow a,
respectively, and k-bimodule structure on the remaining generators is the obvious one:

+ - =
evamev = av,i
+ _ pE
evﬁv,iev - Moua

In all other cases, the product with an idempotent gives zero. With this understood, the
underlying algebra structure of Ar is the tensor algebra of the k-bimodule generated by
Cas Cqr Zg av,i7 Bv,iv tv '

Note that the variables t, are taken to be non-central (unless we specialise). The gener-
ators of Ar are subject to the following relations (all multiplications are read from right-

to-left):

Zoz, =2 2, =e,, fora€T\T and v = s(a)

€y + Cico = 24, foraeI'\T and v = s(a)

v
H (ey +caCl) =ty H[am, Bu.i H (e, +Cicy), foroved{l,... s}
i=1

t(a)=v s(a)=v

where the terms in the products are ordered according to a fixed order of all the arrows
in I', and the empty product is understood to be the relevant idempotent. The notation
[z, y] stands for the commutator zyx~ty~!.

It is known that Arg is independent of the orientation and order of the edges of I', and
the choice of the spanning tree T' (cf. [8, Thm. 1.4]). This also follows from our main
result by the invariance properties of Chekanov-Eliashberg DG-algebra %r g.

A DG-algebra % such that H(Zg) ~ Arg is discussed in [3, Rem.5C & Ex.5.6]
(where t,, are called ¢, which are taken as parameters in C*, see also [27]) under the name
(universal) derived multiplicative preprojective algebra. In the current set-up, 21, can
be defined by adding generators (, for a € I' \ T and 7, for v € {1,...,s} with grading
—1, in lieu of the last two relations above, to the set of generators of Ap, (which are
assigned grading 0) so that H(% ¢) = Arg. Namely, the differentials of these additional
generators are

0C, =€y + Cocqg — 24, fora € T\T and v = s(a)

gv
or, = H (€y + cocy) — Ly H[aw-, Bl H (e +Chca), forve{l,... s}
i=1

t(a)=v s(a)=v

We can now state our main theorem succinctly as follows:

Theorem 1. For any graph I and g, there is a quasi-isomorphism between the derived
multiplicative preprojective algebra £t g and the Chekanov-Eliashberg DG-algebra Pr g .

Remark 2. The main theorem is proved by identifying %r, and %1 as DG-algebras
by direct computation of the Chekanov-Eliashberg DG-algebra of the Legendrian Lpg.
In view of the surgery results from [5], [11], our result provides computations of various
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wrapped Fukaya categories via an A, quasi-isomorphism

Bre = P CW(C,. C)

v,Ww

where CW*(C,, Cy,) stands for the morphisms between the cocores C,,, C,, in the partially
wrapped Fukaya of (#829(S! x D3),w,y) where all Legendrians L, are used as stops
(see [11, Conj. 3]). In this setting, it is important that the indeterminates ¢,’s do not
commute with the other generators. On the other hand, if one specialises to t, = e, for
v=1,...,s, one recovers the fully wrapped Fukaya category of Xt where Xr is equipped
with the exact symplectic form associated with its Weinstein structure. Setting the value
of Log(t,) = w([Sy]) to other constants, has the effect of turning on non-exact (bulk)
deformations of the symplectic form, by giving area to the zero-sections .S, of the cotangent
bundles involved in the plumbing Xr. One can interpret this as a computation of bulk
deformed wrapped Fukaya categories.

Remark 3. Asin [11], let
g =P CF*(S,, Su)

be the endomorphism algebra of the compact exact Lagrangians in Xr which form the
Lagrangian skeleton of the plumbing Xr. After letting t, =¢,, for v =1,... s, one has a
canonical augmentation

€:Prg —k
corresponding to the module @ CF*(C,,S,) in the (fully) wrapped Fukaya category of
W(Xr), given explicitly by

€(ca) =€(ct) =0, e(af.) =€(BE) = e, = €(2), v=s(a)

g a

By [11, Thm. 4], one can compute
g ~ Rhomg,  (k, k)

This could be useful in studying Fukaya categories of symplectic 4-manifolds. Namely, if
one has any configuration of transversely intersecting compact Lagrangians in a symplec-
tic 4-manifold whose intersection pattern is encoded by the decorated graph (I',g), the
corresponding A..-algebra is a deformation of . g.

We also note that the grading in %r g is supported in non-positive degrees. In higher
dimensional plumbings, Abouzaid and Smith used this property and an additional require-
ment on the zeroth cohomology of cocores [2, Prop. 4.2] that guarantees that the only
modules supported in a single degree are given by the compact cores with local systems,
to deduce that the compact cores of the plumbing generate the compact Fukaya category.
In our case, this additional requirement does not hold. Nonetheless, the core Lagrangian
surfaces {5, } are known to generate the compact Fukaya category F(Xr) in several situa-
tions, including when I' is of Dynkin type with g = 0 (|23, Lem. 4.15] and [24, Cor. 5.8]).
We also remark that Keating [17] gave examples of Weinstein 4-manifolds which are partial
compactifications of plumbings with g = 0, where an exact Lagrangian torus (equipped
with certain local systems) is not generated by the core spheres.
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Remark 4. After we wrote our first paper [14] on computing wrapped Fukaya categories
of Xr, which studied the case where I' is a tree and g = 0, an interesting paper by
Bezrukavnikov and Kapranov [3] appeared, where finite dimensional Apg-modules are re-
lated to microlocal sheaves on the Lagrangian skeleton of Xt given by the union of trans-
versely intersecting surfaces. In view of the correspondence between Fukaya categories of
cotangent bundles and microlocal sheaves on the zero-section [19], Thm. (1) provides a
confirmation of the more general expectation of an equivalence between Fukaya categories
of Weinstein manifolds and microlocal sheaves on (singular) Lagrangian skeleta for the
manifolds Xr. This more general equivalence is the subject of ongoing work by Ganatra,
Pardon and Shende.

Let us consider the case I' is a tree and g = 0, and specialise to t, = e,. By definition of
Pr, the differential d7, consists of words of (even) length > 2. If we truncate it so that only
words of length 2 appears, the resulting DG-algebra is known as the Ginzburg DG-algebra
¢ which was studied in [14]. It is known that if " is not of Dynkin type, ¢ has cohomology
only in degree 0 (cf. Thm 8, Cor. 27 [14]) and H°(%) = Il is the additive preprojective
algebra. Now, by considering the word-length filtration, we get a spectral sequence from
“r to ABr. At least when charK = 0, one can show that the length spectral sequence used
in the above proof is degenerate. The reason for this was given in [14, pg. 7]. Namely, it is
known that IIr has no formal deformations as a Calabi-Yau algebra. However, the length
spectral sequence does not converge strongly if I' is non-Dynkin, hence one cannot conclude
that Zr and ¢ are quasi-isomorphic without having to complete both algebras. Indeed,
for non-Dynkin T, the additive preprojective algebra IIr = H°(%r) and the multiplicative
preprojective algebra Ar = H°(%r) are not isomorphic. This can be seen by considering
the representation varieties of Il and Ar - additive and multiplicative Nakajima quiver
varieties. Thus, it is the (derived) multiplicative preprojective algebra %r that is central
to the study of wrapped Fukaya categories of plumbings, not the additive preprojective
algebra (or its derived version).

Example 5. When I is just a single vertex labelled with g, then X is just the cotangent
bundle of a genus g surface ,. In this case, we see that the multiplicative preprojec-
tive algebra is simply the group-ring K[m(X,)], which agrees with the based loop space
homology of the cotangent fibre. This agrees with the computation given in [12].

Example 6. When I" has a single vertex (labelled with 0) and a single loop, the symplectic
manifold Xr obtained by self-plumbing of 7*S? was studied in detail in [22]. In this case,
it is easy to see that (cf. [8, Ex. 1.3]) the multiplicative preprojective algebra (with
t = 1) Ar is quasi-isomorphic to the commutative algebra K|z, y, (14 zy)~!], which agrees
with the homological mirror symmetry statement proven in [22] (cf. [6]). This variety
has a holomorphic symplectic form given by = dx A dy/(1 + zy) which agrees with the
standard holomorphic symplectic form on the two copies of (C*)? given by the co-ordinates
(x,1+zy) (for z # 0) and (y,1 + zy) (for y # 0). One can consider the quantization of
the functions compatible with the Poisson structure induced by 2. We point out that if ¢
is not specialized to 1 but carried along as a commuting complex parameter corresponding
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to an area parameter on the immersed sphere, then we get the “quantized algebra” where
x and y no longer commute but instead satisfy

1+ zy =t(1+yx)

where (1+zy) is still invertible. Indeed, it is easy to see from this that we get the standard
quantum torus algebras on each copy of (C*)%. For example, we have

t(1 4 zy)zr = tx(1 + yx) = (1 + zy)

We end the introduction by pointing out an intriguing connection to (multiplicative)
Nakajima quiver varieties that we plan to return to in the future. Note that such a
connection was also observed in [3] (see also [25]) via calculations using microlocal sheaves.

It is well known that the moduli spaces of representations of the multiplicative pre-
projective algebra Ar has the structure of algebraic symplectic varieties known as the
multiplicative Nakajima quiver varieties (studied by Yamakawa [26], see also Boalch [4]).
By our result, any Lagrangian L C Xt gives a representation €, Hom(C,, L) of the mul-
tiplicative preprojective algebra €, , Hom(C,,C,). Thus, our result can be interpreted
as the statement that “moduli spacevof objects” in the derived Fukaya category of Xr can
be identified with the corresponding multiplicative Nakajima quiver varieties. These are
finite type varieties once one fixes a dimension vector consisting of d, € Z> for each vertex
v of I and a stability condition encoded by 6, € Q for each v, satisfying > d,0, = 0,
and the values of ¢, € C*. The choice of dimension vectors corresponds to fixing the rank
d, = dimgHom(L, C,), and the choice of stability condition should correspond to fixing a
choice of Bridgeland stability on the derived Fukaya category of Xr. Finally, note that the
symplectic structures on the Nakajima quiver varieties correspond to the fact that %r g is
2-Calabi-Yau (cf. [21]).

In Section 2, after reviewing the construction of Chekanov-Eliashberg algebra associated
to a Legendrian surgery presentation of a Weinstein 4-manifold following Ekholm-Ng [12],
we provide a simplification that results in a finitely generated DG-algebra even in the pres-
ence of 1-handles. In Section 3, we draw a Legendrian surgery presentation of plumbings of
T*S%s according to an arbitrary graph and prove our main theorem for g = 0. In Section
4, we extend the results of Section 3 to arbitrary g.

Acknowledgments: T.E. is partially supported by the Technological and Research
Council of Turkey through a BIDEB-2219 fellowship. Most of the work was carried out
while T.E. was visiting Princeton University. Y.L. is supported in part by the Royal Society
(URF) and the NSF grant DMS-1509141. We would like to thank Pavel Etingof, Lenhard
Ng, and Ivan Smith for helpful correspondence. We also thank referees for their comments.

2. LEGENDRIAN DG-ALGEBRA ON A SUBCRITICAL WEINSTEIN 4-MANIFOLD

Recall that any Weinstein 4-manifold X has a Weinstein handlebody decomposition
consisting of 0-, 1- and 2-handles. Assuming X is connected, one can find a handlebody
decomposition with a unique 0-handle. Furthermore, Weinstein 1-handles can be attached
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in a unique way, hence the more interesting part of the handlebody decomposition is the
attachment of Weinstein 2-handles along Legendrian knots in #(S! x S?) equipped with
the unique Stein-fillable contact structure, where k is the number of 1-handles. If £ = 0,
the 2-handles are attached along Legendrian knots in S? equipped with its standard contact
contact structure.

Following Gompf [15], a surgery diagram for X is usually presented as a front diagram in
a standard form. In order to give a combinatorial description of the Chekanov-Eliashberg’s
Legendrian DG-algebra ([7, 13]) associated with a Legendrian link L C #*(S! x S?) given
in Gompf’s standard form, Ekholm and Ng [12] described a procedure called resolution
(analogous to the resolution of a Legendrian in S? in [20]). We give an example in Figure
1 and refer the readers to the original references [15, 12] for precise definitions.

(O == 01

(><0><0)

FIGURE 1. A Legendrian knot in Gompf normal form (top), Ekholm-Ng’s
resolution (middle), A simplifying Legendrian isotopy via Reidemeister III
(bottom)

We next recall the description of the Legendrian DG-algebra, here denoted C'E*(L),
that Ekholm and Ng provide coming from a resolution diagram. All our complexes are
cohomological, thus we reverse the gradings from [12].

Fix a field K. Let L = L1 U Ly U ... L, C #(S! x %) be a link given in the resolved
form. Let aq,...,a, denote the crossings of the resolution diagram. One refers to the set
{ai,...,a,} as the set of external generators. Note each a; corresponds to a Reeb chord
connecting L, to L,, for some v and w, where L, is the label of the under-strand and L,
is the label of the over-strand at the crossing a;. Thus, we can form the k-bimodule

E = éKaz
1=1

where e, a;e, = a; precisely if a; corresponds to a Reeb chord from L, to L,,.
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In the interior region of each 1-handle, we also have generators. These will be referred
to as the internal generators. Following Ekholm-Ng, we describe these generators. Let
k be the number of 1-handles. For each 1 < [ < k, let 0; denote the number of strands
of L entering to [-th handle. We label the strands on the left of the diagram from top
to bottom by 1,...,0; and on the right of the diagram from bottom to top by 1,..., 0
(note the switch in the ordering). For each 1-handle, there are infinitely many internal
generators. For 1 <[ < k, these are labelled as follows:

0
Cijil

&

175l

for1 <i<j <oy,
forp>0and 1<1,j5<o.

The generator cfj;l for p > 0 connect the i** strand to j** strand going to the handle

labelled [, thus corresponds to a Reeb chord from some L, to another L,,. This defines a
k-bimodule structure by defining e,cj; e, = c};,. We write
for the corresponding k-bimodule generated by the internal generators.

Definition 7. We let CE*(L) to be the DG-algebra over k generated by the external
generators

a1,0a2,...,0n,

the internal generators

o 1<i<j<o, l=1,...k

L p>0,1<ij<o, l=1,...k
and
t et
with relations
tt,t =t t, =e,, forallv=1,... s,

tFtE =0, forv £ w

and the k-bimodule structure described above.
The differential on the external generators is given by

Oar) = > DR (e SR ou o N S 1)

720 by,....br AGA(ai;bl,...,br)

where b, are either external generators or of the form c?j;l and n, record the number of
times the boundary of the holomorphic disk A passed through %, and the notation

(S oy by )

stands for the time-ordered product where reading from right-to-left corresponds to the
order of terms appearing in the boundary of A when it is traversed counter-clockwise. In
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particular, note that ¢, and b, maybe interlaced, as we do not necessarily insist that these
commute. See [12, Sec. 2.4C] for the determination of the sign. !

The differential on the internal generators (see Def. (8)) satisfies 9(Z;) C Z; for all
I =1,...,k and only depends on the number of strands passing through the 1-handle.
Thus, the internal DG-algebra corresponding to a 1-handle with n strands is denoted by
I

The differential of a generators of type ¢, is trivial.

It is possible to put a Z-grading on C'E* (by making some extra choices). We refer to
[12, Sec. 2.4B] for a detailed discussion of gradings on C'E*. Though, we use the negative
of the grading given in [12] so that the differential increases this grading by 1. Note that
the grading |t,| = 2r(L,) where r(L,) is the rotation number.

We shall next discuss the internal algebra .7, of Ekholm-Ng in more detail and show
that it can be simplified to only include the free generators of the form C?j;l and c}j;l. Hence,
in particular, it is finitely generated up to quasi-isomorphism.

2.1. A simplification of Ekholm-Ng’s internal DG-algebra. In Ekholm-Ng [12], the
internal algebra .%, was constructed geometrically from the study of Reeb chords internal
to a 1-handle. It has the undesirable feature of being infinitely generated. Here, we
provide smaller models for the quasi-isomorphism type of .#,. In particular, we compute
the cohomology of .#, for all n, and show that .7, is quasi-isomorphic to a finitely generated
subalgebra of itself.

Note that throughout this paper the base ring is taken to be the semisimple ring k where
the number of idempotents is given by the number of 2-handles in the surgery diagram
corresponding to the components of the Legendrian link.

In order to achieve full generality, we shall first define .#,, as a DG-algebra over a different

ring
k, = PKe;
i=1

As usual, n denotes the number of strands entering the 1-handle, irrespective of the 2-
handles that these strands belong to. On the other hand, the internal DG-subalgebra of
CE*(L) for a particular L is obtained from ., by a base change k — k,, given by the
configuration of 2-handles entering in the relevant 1-handle. More precisely, at each 1-
handle, the ring map from k — k,, is given by sending the idempotent e, associated to a
2-handle L, to the sum of idempotents e;, + ...+ e;, in k where 71, ...,14, are the strands
that pass through the 1-handle which belong to 2-handle L,. For example, if a component
of L, enters to the same 1-handle more than once, then a chord that goes between the two
strands of L, can be composed with itself (arbitrarily many times).

We note that in [12], k is always taken to be the ground field K, regardless of the number
of components of L entering in the 1-handle. This is the opposite extreme to taking k = k,,

'As in [14], [11], we follow the convention that multiplications are read from right-to-left. This is not the
same convention used in [12]. Throughout, our formulae are adjusted accordingly by taking the opposite
DG-category (see [14, pg. 8)]).
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in that all the chords between any strands are allowed to be composable. However, from
the perspective of Legendrian surgery, the correct choice if L is not connected is to work
over a ring k with idempotents in bijection with the connected components of L.

We give a formal definition as follows:

Definition 8. We define .#, to be a DG-category over K with n-objects : Xi,..., X,,.
Morphism spaces are spanned (as vector spaces over K) by

e the identity morphisms e; € hom(X;, X;),

e the “elementary” morphisms in hom(X;, X;)

1<i<j<n and ¢;:1<p1<i,j<n,

and all possible compositions of the elementary morphisms, e.g. i kcfj € hom(X;, X;).
The (cohomological) grading is defined by first fixing n integers (mq, ms, ..., m,) and then

defining:
ci;l = 1= 2p+m; —m,.
The differential 0 is determined by

). = Z (=)™t ) i<y

i Tjiry
i<r<g
1 me+m; m +m 1
acz‘j - 5ij + § :<_1) " Jcm ir + E : " ]ercw
r>i r<j
— _ m +m 9.4
80% = E E (—1)™ ]cp cly, p>1
0<¢<p r

(cw is set to be 0 for ¢ > j, 6;; = e; = ¢; if i = j, and 0 otherwise) and the graded Leibniz
rule:

8(a2a1) = 8(@2)(11 -+ (—1)‘(12'@26(@1).

We define 7, to be the DG-subcategory of .Z, with the same objects Xi,..., X, but a
restricted set of elementary morphisms

c?]:1§i<j§n and c}jzlgi,jgn.

As is customary, we use the same notation for a DG-category % and its total (en-
domorphism) algebra @x yecoprhom(X,Y') which is a DG-algebra over the corresponding
semisimple ring. For example, .#, and <7, denote DG-algebras over k,,. On the other hand,
given a unital ring map k — k,,, £¥ and &7¥ denote the corresponding DG-algebras over
k. The differential on .Z¥ (and similarly «/¥) given by the same formulae as for ., (and
similarly for 47,) except that now some of the objects are identified, making more compo-
sitions possible, and the DG-algebra is generated by the same set of elementary morphisms
over k rather than k,. For example, in the case k = K (as considered in [12]) arbitrary
words in CZ are allowed since all of them belong to the morphism space of the single object
of the DG-category. We warn the reader that .#X is quite different than considering .%,
and viewing it as a DG-algebra over K by forgetting its k,-algebra structure.
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A helpful way of thinking about these categories is to draw a circle with n points ordered
in counter-clockwise direction corresponding to the objects X; as in Figure 2. The set of
generators cfj is in bijection with homotopy classes of paths following a counter-clockwise
flow that connects ¢ to j. The exponent p counts the number of times such paths pass
from an additional marked point % between n and 1. Multiplication in the category can be
thought of as broken paths, and the differential corresponds to breaking the path into two
paths of shorter length, with the exception that in the case of dc};, there is an additional
idempotent term e; that appears in the differential.

n

FIGURE 2. Visualisation of generators cj;.

Next, let us introduce the following A..-algebra, whose definition is attributed to Kont-
sevich in [24, Rmk. 3.11].

Definition 9. We define %, to be the strictly unital A.-category with n-objects 71, ..., Z,
and morphisms given by, for i € Z/n,

hom(Z;, Z;) = Ke;,
hom(Z;, Z;11) = Kay,
where e; are idempotents. We again fix n integers (mq,mo,...,m,) and define gradings
|z;| =1+myyy —mifori=1,....,n—1, and |z,|=—-14+m; —m,

The A-operations involving idempotents are determined by strict unitality. The only
other products are given by:

My, (T 1,0, T1, 00, Tpot, - -, Tir1, Ti) = €, for i€ Z/n

The fact that A..-relations are satisfied is checked easily by the following equation that
holds for all i € Z/n:

My (25, My (L1, ..., T1, 20, Tne1, - - -, Tip1, Ti))
+ (—1)|zi|*1m2(mn(a:i, ey, X1, X0, Tip—1y - - - ,$i+1), .ﬁl]z) =X; —T; = 0

Notice that we used my(e;q1,2;) = (—1)%lz; (cf. [24, Eq. (1.3)]).
It can be shown that for n > 3, J#, is not formal as an A.-algebra, but we have

Ho =~ Ko(x1, 2) /{T2m1 = €1, 1129 =€) |T1| =14+ mg — my, |22 = =1 +mq —my
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Recall that cobar and bar constructions extend to the setting of A..-algebras. We denote
these by Q and B, respectively. (See [11, Sec. 2] for a review that is compatible with our
sign conventions.)

Lemma 10. .%, is isomorphic to QBJE,. In particular, there exists a (strictly unital)
Ao -functor

fo o, — Iy

which is a quasi-isomorphism.

Proof. Recall that for any coaugmented conilpotent DG-coalgebra 4 and an augmented
DG-algebra &/ we have an adjunction

hompg (€, &) ~ hom.,pc(€,B)

(see [11, Sec. 2.2.2] for a recent exposition of this well-known adjunction.) In particular,
for any A..-algebra 7, applying the adjunction

hompg (2B, QB4) ~ hom,,pe(Be/, BOB)

and tracing the image of the identity map (2B« — QB.o/, we get a quasi-isomorphism of
DG-coalgebras B — BQB.o7, or equivalently an A..-algebra quasi-isomorphism

f:of — QB

for any A-algebra 7. This is sometimes referred to as the standard resolution of A (see
for ex. [10, Sec. 16.7.3].

Chasing through the adjunction (see [11, Sec. 2.2.2]), one sees that the A, functor
f = (f)i>1 has an explicit description: A composable word consisting of ¢ letters in & is
sent by §* to the corresponding element of B« (whose elements by definition consist of
words in 7).

Here, we apply this construction to &/ = ;. Indeed, the A, -functor § is the Yoneda
embedding defined by sending f(Z;) = X; at the level of objects, and on morphisms, we
set for £ > 1:

P
F(Tith—1s Tigh—2s - - -5 T5) = (—1)| ”'ij
where j and p are determined uniquely by the equation i + k = 57 + np, 1 < 7 < n. Here,

the indices i appearing on generators z; are considered in Z/n. The A,-functor equation
takes the form (using the rules [14, Eq. 4]):

Z Z(_1)|Cgr|f(xj+np_1, Ce 7xr+nq)f(xr+nq—1; . ,ZL‘i) + 86% = 6ij51p

0<¢<p r

which coincides precisely with the definition of the differential on .7,.

Note that in [11, Sec. 2|, the signs for the cobar-bar constructions are written out
explicitly. It is an easy exercise to check that the signs are compatible with the signs that
appear in Definition 8 of the internal algebra.

Finally, the fact that § is quasi-isomorphism follows from the bar-cobar adjunction as
explained above. O
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Corollary 11. H*(.%,) is generated over k,, by the elements

0 0 0 1
C12: €235 - - -5 C(n—1)n> Cn1-

This computation can be used to show that the DG-subalgebra <7, of .#, generated by
only the elements
c?j:1§i<j§n and c}jzlgi,jgn
is quasi-isomorphic to .#,. Here we provide a general proof over any base ring k.

Theorem 12. For every base ring k, leti: @/% — 7% be the inclusion map. There exists
a retraction v : IX — X given by

U = Idx

t(c;) = Cpa Z (—I)Tc,ﬁ2p72j . c,lfll,ﬁcbg1 forp>1,

k1, kop—2

where C, = Iﬁ(iﬁ’) is the p™ Catalan number and t = my, + ...+ mu,,_,, that induces a

quasi-isomorphism. The latter follows from the existence of a chain homotopy $ between
iot: X — 7¥ and the identity map defined by

N =0 (1)

p
H(c;) = Z Cp_g+1 Z (_1)icizp,zqﬂjCllczp_zqkzp_qu e ChCie, forp>1 (2)
q=2

kl,...,k2p72q+1
H(aza1) = H(az)r(ar) + (=1)*laz$(ar) (3)
where T = my, +mp, + ...+ Mpy,_y . + My

Proof. First, we check that v is a DG-algebra map by verifying that t commutes with the
differential on the generators.

For p > 1,
_ o JH‘mj-i—ka 1 0 1 1 1 1 0
td(ci;) = E (—1) PGyt ( Chyy 1 jChapakap 1 - Cikt T Chap1j -+ + Choy ko Cilky
k1,k2,...,k‘2p,1
tH+mi—my, 1 1
+ } : (=) M= (O g + CoCp g + -+ Cp3Ca + Cpa)cy, oo Ciyy
k1,k2,....k2p—3
whereas
_ § : _1\Itmitme,, 0 1 1 1 1 0
at(Cf]) — Cp—l ( 1) P Ck2p71jck2p72k2p71 . e Cikl + Cka—lj P Cklkgcikl

k1,k2,... k2p—1

E T+m‘-—mk _ 1 1
+ (_1) J 2p 2Ck2p—3j “ e Cikl

k1,k2,....k2p—3
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after cancellations. The fact that Catalan numbers satisfy the recurrence relation

p—2
Cp1= Z CqCpq2
q=0

shows that v is a DG-algebra homomorphism.

Next, we prove that $) is a chain homotopy between iot and the identity map. Observe
that, by (3), it suffices to check the condition 0$) + $H0 = i ot — Id on the generating set
{ci;} which is clearly satisfied for p = 0,1. From now on let p > 2.

In order to compute (9% + $0)(cy;), first we have

and, by (3), this is a sum of two expressions, first of which is

r 1 1
z : z :O‘I H‘lop q—1 z :( ) Ck2p72rjck2p72r71k2p72r © Gy <4)

q=2 r=2
er 1 1 0
+§ :OP 7”+1§ : ) k2p 2r42] kzp or—1kop—2r " Cry ko Cikey <5)
ks
and the second is
p p—q
14+€ g r 1 1

z :z :Cp q— T+1§ :( 1) Ck’zp 2¢g— 27‘+2]ck2p 2g—2r+1k2p—2q—2r+2 kzp 2g—2rk2p—2g—2r41 Cik,
q=0 r=2 ks

(6)
} :2 : 2 : 1+e q'— r ! 1
a Co-g1 1) c"“2p 2123 Fapaqr w1 kap—agt 2 by agrkiny agin " Cika (7)

qg’'=2 r=2 ks

where € = > _my,. Note that the expression (7) (which will be cancelled by a term below)
is obtained from expression (6) by a change of variable ¢’ = ¢ + r.
We also have

p
— t .l 11
9(ci;) = E Cog+1 E 1)t zzp 2qr 413 Clop_agtlap agrr *** ClilaCily
q'=2 l
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and, by the graded Leibniz rule, this is a sum of two expressions, first of which is based on
G

1 1
- C ...C C:
l2p 2’ +1]> 12p,2q1l2p72q/+1 l1l2™ily

2 : } :2 : 1 1
Cpg'1 k2p 2¢/ +2ﬂck2p 2/ +1h2p g/ 12 o agrkiny agry1 T Cika (8)

r=1 kg
_1)ee? A cl coocl
+Zcp_q/+1 Z( 1) Ck2p 2q'+27 k2p 2q'+1K2p_24/ 42 k2p 2q'Kap—24/+1 Ciky (9)
=2 ks

Note that r > 2 part of (8) cancels (7) above and (9) is cancelled by a sum in the second
part of $9(c};) whose remaining contributions are as follows

1te d 1 1
E :Cp 7+1 E 1) kg3 Chap_aqr 1kap oy " Cikn (10)
ks
1+E 7“ 1 oAl 0
+ E :Cp ¢'+1 E Chyp o 42)Chiny_0gr_1hap_aqg " ChikaCiky (11)

where (10) is a result of the Kronecker delta component in the differential of ¢, . Observe
that (11) is cancelled by (5) and therefore (9 + $0)(c};) is equal to the sum of the
expressions (4), (10), and what remains from (8) after cancellation by (7), namely

ZC St el
p=q'+1 kop_oq/ 123 kop—2q/ 11Kap—24/ 12 ik1

ks

whose ¢’ = 2 term is precisely t(cj;). Also note that ¢’ = p term of (10) is exactly cf;.
Therefore (99 + $0)(c};) is equal to (i o v — Id)(c};) plus the following (which we obtain
by switching the order of summation between ¢ and r variables in (4) and renaming the
variables ¢’ in (8) and (10) as r + 1 and r, respectively):

p—1 p—1
€. 1 1
E Oq—T+IOp—q—1 - Cp—r-i—l + CP—T § :(_1) Chop—2rjChap—ar—1kap_2r * " Ciky

r=2 q=r ks

But the above expression vanishes since

p—1
Cp—r-i—l = (Z Cq—?‘-i—lcp—q—l) + Op—r

q=r

by the recurrence relation satisfied by the Catalan numbers. Il

Remark 13. For the readers who prefer a less computational approach, we outline another
proof that uses more abstract machinery but is less explicit.

The category %, appears as the partially wrapped Fukaya category of the D? with
(n + 1) marked points, see [16, Sec. 3.3]. In Figure 3, one can find the Lagrangians in this
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FIGURE 3. .#,, represented as the partially wrapped category of D? with
(n + 1) marked points.

category that correspond to the objects Z; for i = 1,...,n+ 1. As noted in [16, Sec. 3.3],
one can easily check that the object Z,1[—|z,y1]] is isomorphic to the twisted complex:
Zy 2 Zollon| — 1) 2 - 22 Zo[Ja| 4 |zo] 4 -+ |2ee| + 1 — 0]

where the isomorphism maps are given by z,, and 1.

Thus, if we take the full subcategory of .%;, 1 consisting of objects Z;, ..., Z, and localise
it along the above twisted complex representing Z, 1, we should obtain %, (as shown in
[16, Prop. 3.5], localising along the object Z, . corresponds to the removal of the marked
point near which it is supported).

Now, it is an easy exercise in localisation of DG-categories ([10], cf. [16, Sec 3.5]) to show
that localisation of Z;, ..., Z, along the above twisted complex can be identified directly
with 7, (cf. proof of Prop. 14 below).

We note that cohomology of ., and .ZX can be very different. In what follows we will
use the following result that follows from Theorem 12 and the Proposition 14 given below

I~ K[z, 27 (12)
In particular, note that this is infinite-dimensional over K. On the other hand, as we
proved in Corollary 11, cohomology of .%; is generated by two elements over ks.

Proposition 14. o* is quasi-isomorphic to K|z, 271 considered with trivial differential.

Proof. To simplify the notation, let us denote %y, c};, iy, c3q, and ciy by s,t,k, 1, and u,
respectively. Thus, the algebra o7 is the semifree DG-algebra, generated over K freely by
s,t, k,l,u with the differential determined by

dk =1—ts
dl=1—st
du =ls — sk
where the gradings are determined as follows |s| = m, [t| = —m, |k| = |l| = =1, |u] = m —2

for an arbitrary fixed integer m. We would like to show that this DG-algebra is quasi-
isomorphic to the algebra K[z, 27!] with |z| = m considered as a DG-algebra with trivial
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differential. We did not manage to construct a quasi-isomorphism explicitly even though,
surely, such explicit construction is feasible. Instead, we will exploit the fact that the
algebra 7" is given by Drinfeld’s construction of DG-quotient (as in [10]). Namely, let
us consider the derived category A = DY(K[z]). Let L denote the object corresponding
to K[z], and S = Cone(L[-m] = L), and Ay be the thick triangulated subcategory of A
generated by S. Equivalently, Aq corresponds to modules of K[z] with support at 0. By
the main result of [18, Thm. 3.2] Verdier quotient A/ Ay is identified with D?(K[z, 27])
and the endomorphism algebra of L in this quotient is Endasa,(L) = K[z, 27']. On the
other hand, by viewing K|z| as DG-algebra with trivial differential, we can consider the DG-
enhancement of A, call it AP". We can then apply Drinfeld’s construction given in [10, Sec.
3.1] and take the DG quotient of AP by the full DG-subcategory A} consisting of S (see
[10, Ex. 3.7.1] for a similar looking example corresponding to .2%). The endomorphism
algebra of L in AP"¢/ A5 is generated by s, t, k, [, u where these generators can be identified
with the morphisms of twisted complexes given in Figure 4. Moreover, the differential of
these generators are easily computed to give an identification of end gpre)apre (L) with .
Now, by the general theorem of Drinfeld [10, Thm. 3.4], the homotopy categories of these
two different quotients are isomorphic. In particular,

H*(end gprej qrre (L)) ~ End a4, (L).

It follows that
H* o) = K[z, 2]

Finally, it is well known that K[z, z7!] is intrinsically formal for any value of m. Since one
can easily compute HH*(K[z,27!]) = K[z,27,0,] and check that HHZ%,(K[z,27!]) = 0.
Therefore, it follows that %" is quasi-isomorphic to K[z, 271]. Note that for m = 0, we
can argue more directly by noting that the cohomology is supported in degree 0, hence all
the higher products vanish for degree reasons.

FIGURE 4. Primitive generators in the Drinfeld quotient, identified with
s,t, k,l,u from left-to-right
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Remark 15. Another proof of the Proposition 14 can be given by using partially wrapped
Fukaya categories. Namely, consider a cylinder T*S! with a single stop along one of
its boundary components. The cotangent fiber L generates this category and one has
End(L) = K]z]. On the other hand, the object supported near the stop is quasi-isomorphic
to Cone(L = L), localizing with respect to that object corresponds to removing the stop
(by [16, Prop. 3.5]). Thus, we can identify the endomorphism algebra of L in the fully
wrapped Fukaya category of T*S! as this localisation which (as we showed in the proof
of Proposition 14) coincides with .@%%. Now, one can directly compute the endomorphism
algebra of L in the fully wrapped Fukaya category of T*S', which gives K|z, z7!].

3. PLUMBINGS OF COTANGENT BUNDLES OF 2-SPHERES

Throughout this section, we assume that I' is a finite graph with g = 0. We first construct
a Legendrian link Ly in #%(ST x S2,&,4) associated to I'. An important feature of this
construction is that the symplectic 4-manifold obtained by adding symplectic 2-handles
along Ly to #8(S! x D?, wyy) is homotopic, as a Weinstein manifold, to the plumbing of
copies of T*S? with respect to the graph T'.

After the construction, we compute the Chekanov-Eliashberg DG-algebra #r = CE*(Lr)
of Lr and prove that it is quasi-isomorphic to the derived multiplicative preprojective al-
gebra associated to I

3.1. A Legendrian surgery presentation of plumbings. Choose a spanning tree T" of
I' and embed it in the upper half plane R x R such that all the vertices lie on R x {0}.
This can be easily done recursively (in multiple ways). We give an illustrating picture in
Fig. (5) and leave the elaboration of the recursive argument to the reader.

Corresponding to the spanning tree 7', we will have 2-handles in the Legendrian surgery
picture of Xr. The complement of T" will correspond to 1-handles.

Before we put the graph I' in a standard form, we choose an orientation and order on
the edges of I'. Note that, as is the case for the multiplicative preprojective algebra Ar,
Pr is also independent of these choices. Then for each arrow h € T'\ T' we introduce a
pair of arcs in the lower half plane R x Ry as in Fig. (5). More precisely, we fix m, M as
real numbers smaller and larger than the z-coordinates of v; and vy, respectively, and if h
is an arrow from v to w which is the i* arrow in I' \ 7', then there will be a curve from v
to the point (m, —i) with nonnegative slope throughout and another curve from w to the
point (M, —i) with nonpositive slope, chosen so that there are no triple intersections. We
assume that the arrows in T are oriented from right to left and also assume that in the
ordering of all the edges of I', the edges in T" are ahead of the edges in I\ T..

Once I is in a standard form, the endpoints of each pair of arcs corresponding to the
same arrow in I'\ T is replaced by the feet, i.e. the attaching sphere S° x D3, of a 1-handle
and each vertex v is replaced by the standard Lagrangian projection of a Legendrian unknot
U, with tb = —1. For each arrow a from v to w, we introduce an arc on the left half of U,
and a meridian m, of the right half of U,, i.e. the boundary of a small disk intersecting it
transversely once, (so that all meridians and arcs on an unknot are ordered according to
the chosen order of the edges), replace a by a band from the arc on U, to an arc on m,, and
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F1GURE 5. The graph I' in a standard form with respect to a chosen orientation

then connect sum U, and m, using this band. None of these bands contain a twist other
than the one near the left foot of the corresponding 1-handle (dictated by the resolution
operation [12, Def. 2.3.]). There is no difference between the treatment of arrows in 7" and
the rest, except that for a € T, the corresponding band is planar whereas for a ¢ T the
band goes over the associated 1-handle and it may go over/under other such bands. Note
that these connected sum operations are performed directly on the Lagrangian projection
without reverting back to the front projection. To justify this, observe that one could use
the front projection and perform the connected sum there then one would end up with a
more complicated diagram similar to the diagram given in the middle part of Figure 1.
However, as in that example, there is a simplifying Reidemeister III move that gives the
bottom part of Figure 1. This is a local move and we apply this move in all our connected
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sums right away. Figures 5, 6 and 7 describe how the Legendrian Ly is constructed in a
sufficiently complicated example, from which the general pattern is clear.

FIGURE 6. The configuration of bands and different types of secondary cross-
ings. At the intersection of two bands, the one induced by the arc with the
smaller slope in Figure 5 goes over the other. For a more detailed local
picture around an unknot see Figure 7.

Now that we have a standard Lagrangian projection of Lr, here are the crossings:

e a pair of crossings ¢, and ¢ between Uy, and Uy for each arrow a of I'

e a self-crossing 7, of U, for each vertex v of I'

e a self-crossing ¢, of U, near the right foot of the 1-handle h,, for each arrow a in
\T.

e additional crossings associated to nonplanar bands in the above construction of Lp
which go over/under each other

3.2. Computation of #r = CE*(Lr). The computations in this section are based on
the simplification of the Chekanov-Eliashberg DG-algebra of a Legendrian link in #*(S* x
S? &4q) presented in Sec. (2.1), where the internal DG-algebra .#, is proved to be quasi-
isomorphic to its finitely generated DG-subalgebra o7, as well as the A, .-algebra 7.
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The resolution of Lr to be used is the one constructed in Sec. (3.1) with the choice of
orientation and base-points indicated in Fig. (7). In this resolution, for every 1-handle h,
induced by an arrow a € I' \ T, there are exactly two strands going over h, which belong
to the same component of Lp. Therefore the internal generators c?m, cél;a can be replaced
by the generators of .7 ~ K|z, z; '] with grading 0 and the rest of the internal generators
associated to h, can be dropped from the presentation.

Except for = and zT, all the generators of the Chekanov-Eliashberg algebra %r come
from the crossings in the resolution. We use the same notation for these generators as the
corresponding crossings, and list them as follows (see Fig. (7)).

a v —wi, a2 w2 —V
asz v — w3, a4 :wW4 >V
0Ty = —tyzas(€v + €, Cay) + (€0 + CanCy,) (v + CayC,)

ay = (Cwy + 0246114) — Ray

F1GURE 7. A local picture showing the choice of attachments and the cor-
responding computation of the differential.

e a pair of generators c¢,, ¢ with |c,| = || = 0 for each arrow a of T',
e a generator 7, with |7,| = —1 and ?
or, = H (€y + cacl) — Ly H 2 H (ey + Cica)
t(a)=v s(a)=v, a¢T  s(a)=v, a€T

for each vertex v of I', where s(a) and t(a) denote the source and target vertices of
a, respectively,

2 Although our sign conventions for C'E* follow [12], as we must choose the null-cobordant spin structures
on the components of Ly, we apply the substitution ¢, — —t, to their formulas (see [12, Rem2.7])
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e a generator (, with |(,| = —1 and
aCa =ey+ CZCG — Zaq

for each arrow a in I'\T', where v = s(a),
e secondary generators associated to crossings between nonplanar bands in the con-
struction of Lt

We call the generators ¢, z¥ and those in the first three classes above primary generators.
In the next lemma, we show that the secondary generators are really an artefact of the
projection and could be removed.

Lemma 16. The DG-subalgebra Pr generated by primary generators of PBr is quasi-
isomorphic to PBr.

Proof. We will prove that Zr and & by showing that the secondary generators can be
destabilised (after suitable elementary automorphisms) without effecting the rest of Ar.
Technically, such a stable tame isomorphism argument requires the DG-algebra to be
semi-free, but this does not become an issue in the current set-up since we will only use
elementary automorphisms which are identity on the non-free generators t and z*.

First of all, note that every intersection point of the arcs in the lower half of the standard
form of I' (blue arcs in Fig. (5)) induces a set of 4 generators which correspond to the
crossings between the associated bands in the resolution of L. We always assume that
the band with the smaller slope goes under the other one. A consequence of this is that
a polygon whose all vertices are induced by intersection of arcs (in the standard form of
I') has at least 2 (Reeb-)positive vertices, hence do not contribute to the differential in
Pr. This is because at a vertex, the sign (of the quadrant in the interior of the polygon)
is negative if and only if the slope decreases while traversing the polygon in the clockwise
direction. Moreover, no secondary generator appears in the differential of a secondary
generator induced by another intersection or a primary generator.

In the rest of the proof we explain how to destabilise the secondary generators explicitly.
The generators induced by the same intersection point in the standard form of I" are desta-
bilised simultaneously. This process varies slightly depending on whether the intersecting
arcs end on the left or on the right of the diagram. Examples of different cases are indicated
in Fig. (6). In the arguments below, the arrows in play are a,a’ € I' \ T from 4,4 to j,j’,
resp., and the generators are denoted by p, q, 7, s.

Case 1: Both arcs end on the left: The differentials of the generators are

Op = 240 +12q, 0qQ=8zy, Or=—248, 0s=0
Once we apply the following elementary automorphisms successively
3»—>za_1$, qr—>q—za_1rza/, q|—>za_1q
the differentials become
op=gq, 0¢g=0, Or=—s, 0s=0

and p, q,r, s can be destabilised.
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Case 2: Both arcs on the right: In this case, the differentials are
Op = (e; + Chca)q+r(es + chcw) , 0q=s(ey +Coca), Or=—(e;+Cica)s, 0s=0
We apply the elementary automorphisms

P p+Caq+ ¢+ CaSCy, g q+8Cy T — (48

successively, making the differentials identical to those considered in the first case.
Case 3: The arcs end on different sides: The differentials are

Op = zaq+r(ey +chca), 0qg=Ss(ey+cucy), Or=z,5, 0s=0

In order to reduce to the first case, it suffices to apply the following elementary automor-
phisms successively

p=p+rly, g q+ sCu
O

Theorem 17. Let T' be a finite graph. The Chekanov-Eliashberg algebra PBr of the Leg-
endrian link Ly and the derived multiplicative preprojective algebra £t associated to I" are
quasi-isomorphic DG-algebras.

Proof. By the previous lemma, it suffices to find a quasi-isomorphism between 7 and
Zr. In fact, there is a DG-algebra isomorphism ¢ : Zr — %4 defined on the primary
generators as identity except for

Ly
To > Ty + 1y (Z Zay ** Zay_1 Cay (€0 + Caiﬂca;ﬂﬂ) ey + Ca, Caz, )> H (e + Cica)
i=1

s(a)=v, a€T

where {aq,...,a,,} is the (ordered) set of arrows with s(a;) = v and a; € T'\ T. O

4. PLUMBINGS OF COTANGENT BUNDLES OF SURFACES OF POSITIVE GENUS

In this section, we generalise the construction and the computation in the previous
section to plumbings of cotangent bundles of surfaces of arbitrary genus.

4.1. A Legendrian surgery presentation. In Fig. (8), we give an example illustrating
how to draw a Legendrian surgery picture of a plumbing of cotangent bundles of surfaces
of varying genus according to an arbitrary plumbing graph. Inside the boxes, we put a
standard surgery picture of the cotangent bundle of a genus g, surface. This is described
in Fig. (10). It is obtained by band summing the 2-handles of g, copies of the standard
picture T*T? given in Fig. (9) and then applying simplifying Reidemeister moves. There
is a freedom in choosing the location of the band sum. Our choice makes it easier to see
directly that the resulting DG-algebra is quasi-isomorphic to the derived version of the
higher genus multiplicative preprojective algebra.
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FI1GURE 8. Surgery diagram for plumbings of cotangent bundles of surfaces
of varying genus. The drawn example shows a plumbing of two copies of
T*T? with one copy of T*S2.

4.2. Computation of the Chekanov-Eliashberg DG-algebra. Asshown in Lem. (16)
the secondary generators induced by intersecting blue curves as in Fig. (6) can be desta-
bilised without effecting the rest of the DG-algebra %r . In the positive genus case, we
have a new set of secondary generators induced by intersecting red and blue curves as in
Fig. (8) which can be destabilised exactly as before. Another set of secondary genera-
tOrS Dy k, Qo ks To e and sy, for k =1,...,g, — 1, indicated by quadruples (p;, ¢, r:, s;) for
i=1,2,...,9 — 1 in Fig. (10), have a configuration and destabilisation similar to those
treated in the first case of the proof of Lem. (16). By these initial simplifications, %r g is
quasi-isomorphic to its DG-subalgebra &7 , generated by the primary generators below:
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o5

FIGURE 9. Legendrian surgery picture of 77?2

e generators = for each vertex v,

e generators (,, 2= for each arrow a in I'\T,

e generators ¢,, ¢, for each arrow a in I,

e generators 7,, z:fi, &v,js Ty for each vertex v, ¢ =1,...,2¢g,, and j =1,...,4g,
For the last group of generators above, see Fig. (10) where the notation is simplified by
using z; instead of z,;, etc. Note that zviZ correspond to the generators of the internal
DG-algebra #¢ ~ K[z*] of the i'" 1-handle h; in the diagram of the cotangent bundle of
the surface of genus g, in Fig. (10).

As in the genus 0 case, the DG-algebra %, of primary generators is supported in
nonpositive gradings with 7,, ¢, and &, ; in grading —1 and the rest of the generators in
grading 0. Note that although the generators &, 4;—2, &, 4i—1, for i = 1,..., g,, are induced
by the twists near the right feet of the corresponding 1-handles similar to the generators of
type (4, they can be destabilised and will not appear in the ultimate presentation of %r .

Before we show how to destabilise the generators &, ; and z, ;, let us describe the differ-

ential on Pr, as given by Fig. (10) where z; = 2,;,& = &5, T = Ty j, § = Go:

0T, = H (ey + caCl) — tyxy H Zq H (€y + Cica)

t(a)=v s(a)=v, a¢T  s(a)=v, a€T

aCa = €s(a) + CZCa — Za

Ouak—3 = — 2ok Tak—3 + Tap_oTap1Tar, for k=1,...,9g—1
8§4k_2 = Tykp—2 — Z2k—1, for k = 1, g
(954k_1 = Tyk—1 — 22k, for k = 1, .. g
8§4k = €y — T4k+122k—1L4k, for k = 1, e g — 2
08ug—3 = —29gTag—3 + Tag—2Tag—1

8f4g—4 = €y — T4g—3T4g22g—-3L4g—4

8gélg = €y — Z2¢g—1T4yg

The following lemma suffices to generalise the quasi-isomorphism between %r , and £t o
proved in Thm. (17) for g = 0.
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FIGURE 10. The green part of the 2-handle of T*%, is analogous to Fig. (7)
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Lemma 18. The Chekanov-Eliashberg DG-algebra Pr g of the Legendrian link Lr g as-
sociated to a graph I' and an s-tuple g is quasi-isomorphic to the DG-algebra generated
by

e generators T, t= for each vertex v,

e generators (,, 2+ for each arrow a in T\T,

[ ]

generators c,, ¢, for each arrow a in I,
+ ot

v, Mo
with |G| = |1 = =1, [t5] = |77 = lea| = Ici| = lag;
differentials

0C, =€y + Coco — 24

)
8’7'1, = H (ev + CaC:D - tv H[av,ia 6’0,@'] H Za H (ev + Czca)
=1

t(a)=v s(a)=v, a¢T  s(a)=v, a€T

e generators a for each vertexv,1=1,...,¢9,

= ‘53[@ = 0 and nontrivial

where [x,y] = zyz 'yt

Proof. We start with the presentation of Yr, ~ %Br . preceding the statement and (as
in the proof of Lem. (16)) utilise an extended notion of stable tame isomorphism where
all the elementary automorphisms are identity on the non-free generators t=, 2=, 2=, With

v a7

the help of such automorphisms, we destabilise the pairs (&, ;, 2, ;) for all j. We do this
in groups of four, starting with larger j and moving our way down to 5 = 1. Note that
the treatment of the initial group is slightly different than the rest because of the unique
feature of the lowest piece of Fig. (10). (In the rest of the proof, we fix v and use the
simplified notation g, z;,&; and z; for g,, ©,;,&,;, and z, j, respectively.)
The first four automorphisms we apply are
Tyg — 22_9171(1349 + €U>, Tag—1 =7 T4g—1 + Z2g, Tag—2 F7 Tyg—2 + Z9g—1

followed by

—1
§ag—3 > Eag—3 + Eag—o(Tag—1 + 229) + 20g—18ag-1, Eag—a — Eag—a + Tag-329, 184g22g—3Tag—4
then
Tag 3 — 25, (Tag_3 + 229 1224)
49—3 29 49—3 2g—1~2g
and finally
—1 —1
Sag—a > Sag—a + 235 Eag-325, 122g-3Tag-4
After these automorphisms, the relevant differentials are changed as follows
85457 = — T4g, a54g—1 = T4g-1, 3549—2 = T4g9-2, (9549—3 = —T44-3
—1 —1 —1
af4g—4 = Cy T R4 R2g—1R2gR9g 172g—3L4g—4 = €y — [Zgg 7229—1]229—3$4g—4
and hence we can destabilise the pairs (§;, ;) for i =4g — 3,...,4g.

The next four automorphisms will help destabilise the next four pairs (§;, z;) of generators
and establish a pattern. These are

-1 -1
Tag—a 229_3[229—1, Zag |(Tag—a + €0), Tagos > Tag—s5 + 229—2, Tag—6 > Tag—6 + Z29-3
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followed by
—1 —1
Sag—7 > Eag—7 + (549—6(9049—5 + 229—2) + 229—3§4g—5) 229—3[229—1, Zag ](9549—4 +ey)
—1 —1
— 229-3%29-2%543(22g-1 224 |Eag—4
then
Tag—7 Zg_gl_g (954977 + 229732297222_91_3[229717 Zz_gl])
and
-1
§ag—8 > Eag—s + 235 98ag-722g-5T4g-8
These automorphisms result in the following differentials
08g—4 = — 1494, Oy 5= 1Tag 5, O4g-6= Tag6, Ol4g-7= —Tug 7
—1 —1
01y = €y — [Zggfzy 22g73][229717 Z2g ]229751’4978

Applying (g — 2) additional sets of four automorphisms analogous to the last four above,
we destabilise all the pairs (§;, ;). This turns the differential of 7, into

or, = H (ey + cuCl) — t, Po H Za H (ey + Cica)
t(a)=v s(a)=v, a¢T  s(a)=v, a€T
where Pg is the product of commutators

(25, 2126t 25) - - - [227;72, Zog—3)[22g-1, z;gl] oo (27, 25 [23, 25 ] if g is even, and

(72 allzg 2] g 221 (2203, 29 0] -+ 27, 2 [z, 20 HE g s 0dd
In order to match this last differential with the expression in the statement (which makes
it easier to see the quasi-isomorphism %r, ~ 41 ), we simply relabel the generators zli
so that

_ _ g+l
Ay = Z4¢1_27 Oy j = Z4g—45+43; Bv,i = Z4;-3, Bv,j = Z4gl_4j+4a for 1 <4< T <J<yg

g

Proof of Thm. (1): With the above lemma established, we proceed as in the proof of
Thm. (17) and consider the following isomorphism ¢ : Prg — Zp g of DG-algebras
defined to be the identity on all primary generators except for

gv Ly
Ty > Tv"'tv H[av,ia ﬁv,i] (Z zal T Zaiflgai(ev + CaiJrl Czi+1) ctt (61; + Caw C::Lv)) H (61)—"_0::0(1)
i=1 i=1 s

(a)=v,aeT
where {ay,...,a,,} is the (ordered) set of arrows with s(a;) = v and a; € I'\ T.. O

Remark 19. Throughout the paper, we only considered plumbings with positive inter-
sections. In the case of negative plumbings, the Chekanov-Eliashberg DG-algebra of the
corresponding Legendrian link can be described by the same set of generators as above but
the differential gets modified as follows

g
or, = H (e, + coCl) — t, H[am, Bl H (ey + caCl) H (ey + Cica),
i=1

t(a)=v,sgn(a)=+ t(a)=v,sgn(a)=— s(a)=v
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where sgn(a) denotes the sign of the plumbing associated to the arrow a. Importantly, the
DG-algebra is no longer non-positively graded since ¢, and ¢ have gradings +1 whenever

sgn(a

1]

)= —.
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