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Abstract: The timing jitter of optical pulse trains from diode-pumped, 
semiconductor saturable absorber mode-locked femtosecond Cr:LiSAF 
lasers is characterized by a single-crystal balanced optical cross-correlator 
with an equivalent sensitivity in phase noise of −235 dBc/Hz. The RMS 
timing jitter is 30 attoseconds integrated from 10 kHz to 50 MHz, the 
Nyquist frequency of the 100 MHz repetition rate oscillator. The AM-to-
PM conversion induced excess phase noise is calculated and compared with 
experiment. The self-steepening effect is proven to be the dominant AM-to-
PM coupling mechanism, whereas the semiconductor saturable absorber 
operation does not adversely affect timing jitter. The results show that 
ultrafast Cr:LiSAF lasers are promising compact and efficient ultralow-jitter 
sources. 
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1. Introduction 

Femtosecond mode-locked lasers have excellent noise properties. In particular, the extremely 
low timing jitter of optical pulse trains enables ultrafast lasers as ultralow jitter sources in 
numerous applications [1], including high precision synchronization of large-scale facilities 
[2], low phase noise microwave generation [3–5], high-speed, high-resolution optical 
sampling and analog-to-digital conversion [6]. The noise properties of mode-locked lasers 
have been studied analytically using soliton perturbation theory [7] and by numerical 
techniques [8, 9], which predict that the timing jitter of typical mode-locked solid-state lasers 
can easily reach the attosecond regime. 
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Balanced optical cross-correlation (BOC) measurement techniques [10] provide a direct 
optical domain method to measure timing jitter with high sensitivity and sufficient temporal 
detection range. This method has been utilized to completely characterize timing jitter up to 
the Nyquist frequency in passively mode-locked fiber lasers [11, 12] and solid-state lasers 
[13, 14]. It is found that stretched-pulse fiber lasers operating at close-to-zero intracavity 
dispersion exhibit sub-100-as (from 10 kHz to 38.8 MHz) quantum-limited timing jitter [15], 
and pulse dynamics and different mode-locked regimes influence the timing jitter power 
spectral density (PSD) [16, 17]. The lowest timing jitter reported to date is 13 as (from 100 Hz 
to 41.5 MHz) from Kerr-Lens Mode-locked (KLM) Ti:sapphire lasers [14]. In passively 
mode-locked solid-state lasers, however, excess phase noise due to AM-to-PM conversion has 
been observed in both Ti:sapphire and Cr:LiSAF lasers. It is therefore important to investigate 
the AM-to-PM mechanisms and to understand the impact of the mode-locking regimes on 
noise properties of pulse trains from ultrafast solid-state lasers. In particular, it is unclear 
whether temporal shifts of the pulses due to asymmetric pulse shaping by a slow saturable 
absorber significantly contribute to timing jitter. It has not been experimentally investigated if 
the operating point of the saturable absorber is critical with respect to timing jitter of optical 
pulse trains. Moreover, it is desirable to know to what extent the current timing jitter 
measurement on ultrafast solid-state lasers could be further improved, given that mode-locked 
fiber lasers have already reached the quantum limit at the sub-100-as level. 

In this paper, we report on timing jitter measurements of semiconductor saturable absorber 
mode-locked femtosecond Cr:LiSAF lasers and discuss the impact of relative intensity noise 
(RIN) and operating point of the saturable absorber on timing jitter. By employing a single-
crystal BOC, we measure an RMS timing jitter of 30 as from 10 kHz to 50 MHz (Nyquist 
frequency). As will be shown in the next sections, saturable absorber mode-locking in 
Cr:LiSAF lasers does not adversely affect the timing jitter. The self-steepening effect [18, 19] 
is in fact the dominating factor resulting in AM-to-PM conversion of pump intensity noise, 
which is the same limitation as in KLM Ti:sapphire lasers. The 30-as RMS timing jitter is 
largely constrained by the timing jitter detection sensitivity. The paper is organized as 
follows. Section 2 introduces Cr:LiSAF lasers and summarizes quantum-limited timing jitter 
predicted by analytical modeling. Section 3 describes experimental details and results of 
timing jitter in-loop measurements with a single-crystal BOC. The results are further 
discussed in section 4, where laser intensity noise is characterized and the mechanisms for 
AM-to-PM conversion are discussed. Finally, Section 5 summarizes major findings and 
concludes with future work. 

2. Quantum-limited timing jitter of ultrafast Cr:LiSAF lasers 

Cr:Colquiriite lasers are low-cost, highly efficient and compact femtosecond pulse sources 
that are potential alternatives to Ti:sapphire lasers in some applications [20–22]. Because of 
their relatively low nonlinear refractive index, stable and self-starting continuous-wave mode-
locking can be initiated and sustained by semiconductor saturable absorbers [23, 24] and 
soliton pulse shaping. 

The generic cavity layout of the Cr:LiSAF lasers used in this experiment is shown in Fig. 
1. A standard astigmatically-compensated four-mirror cavity is used where two 637-nm, 220-
mW laser diodes (Opnext HL6385DG) pump the Brewster-cut Cr:LiSAF crystal (5.5 mm 
long, 1.5% doping). Cavity mirrors M1 and M2 have 75 mm radius of curvature (ROC), and 
mirror M3 (200 mm ROC) focuses the beam on the saturable absorber. Both laser diodes are 
temperature stabilized and driven by low-noise constant-current sources. In addition, each 
laser diode is driven at a certain combination of case temperature and injection current, under 
which condition high output power is obtained while mode hopping is not present. Intracavity 
group delay dispersion (GDD) is controlled by using specially designed dispersion 
compensating mirrors (DCMs) that have −80 ± 10 fs2 GDD from 800 nm to 950 nm [25]. The 
saturable absorber has 30 AlAs/Al0.15Ga0.85As quarter-wave layers and a single GaAs quantum 
well buried in the top layer. The non-saturable loss is less than 0.5% at 850 nm, and the 
modulation depth is 1%. More details and other properties of the saturable absorber can be 
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found in [23]. The 100-MHz laser generates sub-100 fs pulses centered around 860 nm with 
~1.2 nJ pulse energy. 

 

Fig. 1. Cavity layout of saturable absorber mode-locked Cr:LiSAF lasers. LD1, LD2: pump 
laser diodes. M1, M2, M3: cavity mirrors. L1, L2: input lenses. OC: output coupler. SA: 
saturable absorber. 

The timing jitter of pulse trains is the timing error tΔ of the power-weighted center of the 
pulse from the ideally equally-spaced temporal positions defined by the pulse repetition 

rate repf . Often, the timing jitter is represented as a phase error
rep

2 t fϕ πΔ = Δ ⋅ of the 

fundamental microwave signal derived upon detection of the pulse train. As a result, the phase 
representation ϕΔ and its PSD ( )S fφ scale with repf . In this paper, the pulse repetition rate 

is rep 100 MHz.f =   To convert the phase noise from the fundamental repetition rate to a 10-

GHz carrier frequency, ( )S fφ is increased by 40 dB. For better comparison with microwave 

technology, the phase noise is usually denoted by single-side band (SSB) phase noise PSD 

( ) ( ) / 2f S fφ=L  [26]. 

The sources of mode-locked laser timing jitter have been previously studied and 
summarized in Haus and Mecozzi’s seminal paper [7]. Numerical simulations [8, 9] confirm 
the Haus/Mecozzi analytical model and generalize it to pulse shapes other than the sech2 
shape. In the case of a semiconductor saturable absorber mode-locked solid-state laser, the 
saturable absorber exerts impact on timing jitter of optical pulse trains. On one hand, a slow 
saturable absorber shapes pulses asymmetrically and therefore shifts the pulse center in every 
round-trip [27]. On the other hand, the saturable absorber’s relatively narrow bandwidth limits 
the pulse’s spectral width, limiting eventual Gordon-Haus jitter [28]. Consequently, the 
timing shift per round-trip tΔ is described by the following equation of motion derived with 
soliton perturbation theory [7] 

 R R t2 ( )T t D p T S T
T

∂ Δ = − Δ +
∂

 (1) 

in which
R

T is the round-trip time and equals 1
repf
− for fundamentally mode-locked lasers. T is 

time on the order of many round-trips, D the intracavity dispersion, pΔ the center frequency 

shift per round-trip, and
t
( )S T the direct noise source of timing fluctuation. The back coupling 

of continuum to solitary pulses is neglected. Moreover, it is assumed that the intracavity 
pulses are transform-limited, which is true for solitary pulses from saturable absorber mode-
locked Cr:LiSAF lasers. 

Quantum-limited timing jitter assumes amplified spontaneous emission (ASE) as the sole 
noise source, which is approximately white noise with power per Hz 

( )( )
RASE 2 / ,P g h Tθ ν=  whereθ is the excess noise factor, g the incremental field amplitude 

gain per round-trip, and hν the photon energy. The ASE directly induces ( )2
1/ 2 fπ -form 

random walk of pulses, resulting in a phase noise PSD [7] 
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where w is the intracavity pulse energy, 
FWHM

/ 1.76τ τ= with
FWHM

τ being the full-width-half-

maximum (FWHM) intracavity pulse duration, and 0 /N w hν= the intracavity photon 
number. 

In addition, the ASE-induced center frequency fluctuation pΔ also affects timing jitter 
according to Eq. (1). This is a major factor when the optical spectral width of the pulse only 
fills part of the gain bandwidth. Such frequency fluctuations couple to timing error and are 

damped with relaxation time 2 2

p
3 / 4 ,

R g
T gτ τ= Ω  leading to a phase noise spectrum [7] 
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where gΩ is the half-width-half-maximum (HWHM) gain bandwidth or cavity bandwidth, 

whichever is smaller. In the case of our Cr:LiSAF laser, the cavity bandwidth is limited by the 
saturable absorber, which supports femtosecond mode-locking with pulse center wavelengths 
from ~850 nm to ~870 nm which is experimentally measured in [20, 23], whereas a 100-fs 
pulse corresponds to only ~8 nm bandwidth. 

Upon detection of the laser pulses by a photodiode, shot noise of the pulse train indicates 
pulse position fluctuations, which leads to a white noise floor in timing jitter measurements 
given by [9] 

 ( ) ( )
2

2

rep
0

1
2 0.82

rep

f f
f N

τπ=L  (4) 

This assumes that full intracavity power is received by a photodiode with ideal power-
handling capability. Experimentally accessible shot noise floor is higher, limited by the 
photodiode saturation and noise. 

The dependence on 2
0/ Nτ  of the results above clearly show that both short intracavity 

pulse duration and high intracavity photon number are important in order to achieve low 
timing jitter. Figure 2 illustrates the different contributions to quantum-limited timing jitter for 
a typical 100-MHz Cr:LiSAF laser. The Gordon-Haus jitter dominates for frequencies below 

~1 MHz, and the relaxation time
p

670nsτ ≈ leads to a corner frequency at ~237 kHz. At high 

frequencies, the shot-noise limited phase noise becomes dominant. This also implies that a 
measurement sensitivity better than −280 dBc/Hz at 100-MHz carrier is required to fully 
characterize the quantum-limited timing noise. The corresponding RMS timing jitter 
integrated from 10 kHz to 50 MHz is only ~2 as. 

3. Characterization of timing jitter in the optical domain 

Timing jitter is measured with a single-crystal BOC using two loosely-synchronized identical 
laser systems [29]. The system for timing jitter characterization is shown in Fig. 3(a). Laser 
beams from two 100-MHz Cr:LiSAF lasers are polarization combined by a polarizing beam 

#174914 - $15.00 USD Received 24 Aug 2012; revised 18 Sep 2012; accepted 21 Sep 2012; published 27 Sep 2012
(C) 2012 OSA 8 October 2012 / Vol. 20,  No. 21 / OPTICS EXPRESS  23426



splitter cube and sent to the BOC, which is shown in Fig. 3(b). The BOC is based on sum 
frequency generation (SFG) in a 400- μm Beta Barium Borate (BBO) crystal cut for type-II 
phase matching at 830 nm. The forward and backward SFG signal intensity is related to the 
temporal and spatial overlap of the two fundamental pulses. The signal from both passes is 
detected in an amplified balanced detector. To achieve low noise, high gain and large 
bandwidth, a Thorlabs PDB120A fixed-gain balanced detector was modified by for this 
experiment with two Hamamatsu S5712 photodiodes and a trans-impedance gain of 36 kΩ up 

to ~20 MHz bandwidth [14]. The noise floor is as low as ~1μV/ Hz.  The steering mirrors 
M3, M5 and M6 also serve as spectral filters that separate the SFG signal from the 
fundamental input signal. The output of the balanced detector is split by a 20:1 voltage 
divider. The low voltage output is connected to a servo controller (New Focus LB1005), 
which drives the PZT in laser 2 and synchronizes the cavity length to that of laser 1. The high 
voltage output is sent to an RF spectrum analyzer (Advantest R3267) and an oscilloscope. The 
measured power contains equal contributions from the two uncorrelated pulse trains. The 
corresponding voltage PSD is therefore divided by 2, and finally converted to SSB phase 
noise at 100-MHz carrier frequency using the measured phase error discriminator slope. 

 

Fig. 2. Quantum-limited SSB phase noise at 100-MHz carrier. (a) Gordon-Haus jitter with 
HWHM gain bandwidth of 25.5 THz (850 nm – 870 nm). (b) Phase noise only due to direct 
phase noise from ASE. (c) Phase noise due to shot noise. Other parameters used: θ = 1, 
intracavity power = 6 W, 2g = 0.03, D = −100 fs2 and pulse width = 80 fs. 

The phase noise measurement sensitivity is determined by the timing discriminator, which 
can be understood by analyzing the cross-correlation of both passes. For simplicity, assume 
that the two lasers generate identical pulses with 1/e pulse duration 0τ and peak intensity I . If 
only temporal overlap is considered, for sech2-shaped pulses, the balanced detector output 
voltage is 

 

2 1 2 1 2 1 2
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 (5) 

where G is the trans-impedance gain, L is the crystal length, and ( )1 1
1 2 1, 2, / 2g e g ot t v v L− −− = −  

with 1,g ev and 2,g ov the group velocities of the two fundamental pulses with extraordinary and 

ordinary axes of the crystal. Figure 4(a) shows the calculated SFG signals from the forward 
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pass, backward pass and balanced signal according to Eq. (5), assuming a 400- μm BBO 
crystal and 100-fs pulses. The linear range around the zero crossing of the solid curve is used 
as a time-to-voltage discriminator to measure the instantaneous time delay of the fundamental 
pulse pair. Equation (5) can be used to optimize the discriminator slope by fine-tuning group 
delay and therefore the separation of forward and backward cross-correlation curves. In a 
single-crystal BOC, the group delay is often introduced by birefringence of the nonlinear 
crystal. In a two-crystal setup, however, additional dispersive material can be employed to 
generate desired group delay maximizing the slope [30]. The 400- μm BBO crystal generates 
~72 fs group delay, whereas the optimum value for 100-fs pulses is ~120 fs, which 
corresponds to ~2 dB enhancement of discriminator slope. Moreover, when the BOC is used 
to synchronize the pulse repetition rates of the two lasers, Eq. (5) tells the relative delay 
between the pulse pair when a phase-lock loop (PLL) locks the balanced signal to zero. 

 

Fig. 3. Schematic of measurement system. (a) System block diagram. HWP: half-wave plate. 
PBS: polarizing beam-splitter. (b) BOC using a type-II phase-matched BBO crystal. 

 

Fig. 4. Timing discriminator. (a) Calculated cross-correlation signals (dashed) and balanced 
output (solid) using Eq. (5). (b) Measured phase error discriminator, with a zero-crossing slope 
of 240 mV/fs. 

Experimentally, the balanced cross correlator characteristic is measured with an 
oscilloscope when the repetition rate of one laser is slightly detuned relative to the other, and 
the slope is calculated by differentiating the linear range. A typical voltage output is shown in 
Fig. 4(b). The zero-crossing of the balanced signal corresponds to a relative delay of 51 fs 
between the fundamental pulses. The optimum SFG efficiency for the current experimental 

configuration is estimated to be 33 10−× using the software SNLO [29], whereas the measured 

efficiency is 3100 μW / 110 mW 10 ,−≈  which is close to the theoretical efficiency. 
In contrast to a conventional two-oscillator phase noise measurement using direct 

photodetection, the BOC method is immune to AM-to-PM conversion in the photo detection 
process. The excess phase noise usually originates from amplitude fluctuations of the input 
signal [32]. In the case of the BOC, intensity noise is suppressed by strong common-mode 
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rejection of the balanced detector. Although both timing error and intensity fluctuations of 
input pulses result in a change of SFG intensity, the intensity fluctuations in forward and 
backward passes are identical and therefore are eliminated in the differential output. Ideally, 
this assumes an infinite common-mode rejection ratio (CMRR) and balanced optical power on 
both photodiodes. Real CMRR is both finite and frequency-dependent. 

 

Fig. 5. CMRR of the modified balanced detector. (a) Measurement setup. FA: fixed attenuator; 
BS: beam splitter; M1: metallic mirror; VA: variable attenuator (b) CMRR when the two 
channels are balanced. 

The CMRR of the modified balanced detector is characterized with the setup shown in 
Fig. 5(a). A 661-nm laser diode is driven by a low-noise diode driver (ILX Lightwave ILX-
3620) that has a modulation bandwidth of 1 MHz. A fixed attenuator controls the input optical 
power on the photodiodes. The attenuated beam is then split into two paths, in one of which a 
continuously variable attenuator is used to balance the two channels or to introduce certain 
mismatch. The network analyzer (Agilent E4395A) coherently measures the response of 
either an individual photodiode or the balanced output at various modulation frequencies. The 
laser diode is modulated from 100 Hz to 1 MHz with the driver’s internal modulation circuit, 
and from 1 MHz to 10 MHz with a bias-T. The real CMRR is then the difference of 
differential-mode gain and common-mode gain in logarithmic scale. The response of the 
diode driver and laser diode is cancelled out in the subtraction. In any measurement, the 
network analyzer response is calibrated to a thru. In general, the CMRR is greater than 28 dB 
within the frequency range of interest. It is also measured that with a small 10% power 
mismatch on the photodiodes, the CMRR degrades to 10-15 dB. This emphasizes the 
importance to balance the incident power on both photodiodes. 

Figure 6 summarizes timing jitter measurement expressed as SSB phase noise at 100-MHz 
carrier frequency. The low-frequency phase noise is suppressed by the feedback loop. The 
detection sensitivity is −235 dBc/Hz, limited by the discriminator slope and the noise floor of 
the balanced detector. The integrated timing jitter from 10 kHz to 50 MHz, the Nyquist 
frequency, is 30 as, most of which results from the detection noise floor, which is already 
reached beyond 100 kHz. 

The measurement accuracy is determined by that of the RF spectrum analyzer and the 
discriminator slope. Most spectrum analyzers measure power within a certain resolution 
bandwidth (RBW), and the PSD is derived using ( )dBm / Hz dBm 10lg ,RBWα= − ⋅  where 

α is a factor that corrects for system error and filter shape. The value ofα can be determined 
using the built-in noise measurement function of the instrument, which displays a calibrated 
noise PSD within a given frequency range. The system error of PSD measurements in this 
experiment is ~1 dB. In addition, the relative error of sensitivity (mV/fs) is experimentally 
determined to be less than 20%. In total, the above system errors result in an uncertainty < ± 
10as. 
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Fig. 6. SSB phase noise PSD of a single laser at 100-MHz carrier. (a) Measured Cr:LiSAF 
phase noise (b) Quantum-limited estimation, summing up all three noise sources in Fig. 2. (c) 
Balanced detector’s noise floor. Inset: integrated timing jitter from 50 MHz (d) Cr:LiSAF (e) 
Balanced detector’s noise floor. 

4. Intensity noise and timing jitter 

The measured phase noise shown in Fig. 6 strongly deviates from its quantum-limited 
prediction. This implies the existence of excess technical noise, possibly from the limited 
CMRR and/or intensity noise coupling to timing jitter. The influence of CMRR can be tested 
by measuring timing noise at different SFG power levels. Further studies show that varying 
SFG power only changes measurement sensitivity. This excludes insufficient CMRR from 
system error. 

In order to verify the coupling between intensity noise and timing jitter, the RIN of the 
pump laser diodes and the mode-locked Cr:LiSAF laser are measured at baseband. This 
avoids technical difficulties of measuring intensity noise at carrier or harmonic frequencies in 
the case of Cr:LiSAF [33]. Instead of a trans-impedance amplifier, a 50-Ω resistor is used as 
front-end. This has the advantage of simplicity and large bandwidth, though precautions must 
be paid to achieve reliable measurements. On the one hand, the photocurrent pi has to be more 

than 1 mA, so that shot noise ( )1/2
2s pi ei=  surpasses Johnson-Nyquist noise ( )1/2

2ji kTR= for 

R = 50 Ω at T = 300 K. On the other hand, the photocurrent must not exceed the linearity limit 
of the photodiode. In any case, localized saturation due to overly tight focusing should always 
be avoided. This suggests that a large-area photodiode should be used in order to achieve high 
dynamic range. 

In this experiment, a 150-MHz Si photodiode (EG&G FFD040) is reverse biased by a 22-
V battery. The laser beam is loosely focused and fills the whole aperture of the built-in iris of 
the photodetector. The photocurrent is kept between 1 mA and 2 mA, and terminated by a 
50Ω carbon film resistor. The voltage is then amplified by a home-built AC-coupled low-
noise voltage amplifier (34.2 dB gain up to 50 MHz bandwidth) and sent to an oscilloscope or 
spectrum analyzer. For a given laser, multiple measurements at different photocurrents are 
compared to ensure no localized saturation or nonlinear response of the photodiode. In 
addition, the shot-noise limited measurement floor is always calculated as a quick check of 
photocurrent saturation. As shown in Fig. 7(a), the pump laser diode exhibits 1f − -like 
frequency-dependent intensity noise up to ~10 kHz, which is typical for Fabry-Perot cavity 
quantum-well semiconductor lasers due to material and manufacturing defects [34]. If mode-
hopping exists when the laser diode output consists of multiple longitudinal modes, the 
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measured RIN shows strong noise peaks, especially at Fourier frequencies beyond 1 MHz. 
The mode-hopping noise can be avoided by operating the laser diode at a combination of 
forward current and case temperature that results in single longitudinal mode lasing. The 
mode-locked intensity noise of the Cr:LiSAF laser is shown in Fig. 7(b). At frequencies 
below ~10 kHz, a 1f − -like noise spectrum is observed, due to the corresponding intensity 
noise of the pump laser diodes. The relaxation oscillation peak is centered around 100 kHz. At 
high frequencies, the intensity noise rolls off quickly to the shot-noise limited detection floor. 

 

Fig. 7. RIN of (a) pump laser diode and (b) mode-locked Cr:LiSAF laser. 

The transfer function that couples pump RIN and timing jitter is experimentally 
characterized. The network analyzer in Fig. 8(a) modulates one of the pump laser diodes, and 
coherently detects the response of the BOC. The measured transfer function is then applied to 
the pump RIN PSD, which is shown in Fig. 7(a). Such calculated timing jitter due to intensity 
fluctuations is plotted as the dashed curve in Fig. 8(b). The solid curve in Fig. 8(b) is the same 
phase noise as shown in Fig. 6(a). For frequencies below ~10 kHz, the dashed curve is clipped 
by the PLL which is closed at a different state than that in the phase noise measurement due to 
pump modulations induced by the network analyzer; whereas the part beyond ~100 kHz is not 
real, due to strong filtering of the relaxation oscillation. The rest of the dashed curve closely 
tracks the measured phase noise PSD. This suggests that the timing jitter of the Cr:LiSAF 
laser is currently affected by the intensity noise of the diode pump source, in that the pump 
RIN is transferred to that of the mode-locked laser, which is further converted into timing 
jitter. 

The AM-to-PM coupling occurs either through the self-steepening effect [19] or pulse 
reshaping upon saturation on the slow saturable absorber [27], or both. These coupling 
mechanisms are formulated as follows for fundamentally mode-locked lasers. First, the excess 
SSB phase noise PSD due to the self-steepening effect is [9, 19] 

 ( )
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( )
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f S f
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π ν

 
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where NLϕ is the average nonlinear phase per round-trip introduced by the gain medium, 

I ( )S f intensity noise PSD of the mode-locked laser, andν the center optical frequency. In 
addition, the AM-to-PM conversion due to the slow saturable absorber is characterized by the 
phase noise PSD [9] 
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where sat,A/S w w= is the saturation parameter, sat,Aw the saturation energy of saturable 

absorber, and ( )st S  the timing shift per round-trip which is thoroughly discussed in [27]. 

 

Fig. 8. RIN noise and timing jitter. (a) Measurement setup. (b) Pump RIN mapped to phase 
noise (dashed), compared with measured phase noise using BOC (solid, reproduced from curve 
(a) in Fig. 6). 

The saturation parameter is one of the key factors to differentiate the above two 
mechanisms in terms of coupling strength. It can be identified by comparing intensity noise 
when the laser runs in continuous-wave and mode-locked regimes, because the saturable and 
non-saturable loss in mode-locked operation introduces additional cavity loss and therefore 
alters the laser dynamics [35]. 

The rate equations for four-level systems give the following coupled differential equations 
for the dynamics of the intracavity power P and roundtrip amplitude gain g . 

 

( )[ ]R

0

R

L R sat,L

d
2

d

d

d /

P
T g l q P P

t

g gg P
T g

t T Pτ

= − −

−
= − −

 (8) 

where 
L

τ is the upper-state lifetime of Cr:LiSAF, l  the loss, 
sat,L

P  the gain saturation power, 

and ( )q P the saturable absorber’s power-dependent loss. The small signal gain
0

g is related 

to pump power
p

P by 

 P
L L P0
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P
g

w
τ η η=  (9) 

where
L

η is the quantum efficiency, 
p

η the pump efficiency and
sat,L

w the gain saturation energy. 

Equation (9) explicitly includes pump intensity in the rate equations. Rewriting the intracavity 
power, gain and pump power in terms of steady-state values, denoted by subscript s, and 
small perturbations, the dynamic equations for intracavity power and gain fluctuations are 
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where 
stim

τ is the stimulated lifetime. By applying the Laplace transform to Eq. (10), the 
following transfer function describes fluctuations of the mode-locked laser’s average power 
PΔ  as a result of pump power variation 

p
PΔ  
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where 
s sat,L

1 /r P P= + is the pump parameter. In the case of continuous-wave lasing, Eq. (11) 

is reduced to 
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Fig. 9. Transfer functions (magnitude) from pump RIN to Cr:LiSAF laser RIN. (a) Measured 
transfer functions. ML: mode-locked, cw: continouse-wave (b) Modeled responses using Eqs. 
(11) and (12). 

The transfer functions described in Eqs. (11) and (12) are experimentally measured using 
a network analyzer. The pump laser diode driving current is modulated from 100 Hz to 300 
kHz, and the response of both pump laser intensity and Cr:LiSAF laser intensity is coherently 
detected. In Fig. 9(a), it is clear that when the laser is mode-locked, the saturable absorber’s 

power-dependent loss ( )q P , as well as its non-saturable loss
0

q included in loss l , changes 

the relaxation oscillation peak’s height and width significantly. In order to quantify such a 
variation, the curves are fitted to results obtained from Eqs. (11) and (12), which are plotted in 
Fig. 9(b). Although the model is incapable of predicting the full spectral shape, it effectively 
describes the relaxation oscillation behavior around 100 kHz. 

To match the measured transfer function to Eq. (11), the parameter 

 
( )s

R s stim

d2 1
0.6

d

q PP

T P τ
= −  (13) 

is used. Rewriting of Eq. (13) in terms of the saturation parameter gives 
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In Eq. (14), we have assumed a non-zero S, because extremely small values of saturation 
parameter are not practical to support stable cw-modelocking operation. 

The saturable absorber used in these studies has both a fast and a slow component in the 
temporal response [23]. When timing jitter is concerned, only the slow component is 
considered, because it results in asymmetric pulse shaping and therefore shifts the pulse 
center. Assuming that the saturable absorber is slow compared to the pulse duration, it fully 
recovers within the round-trip time, and the saturable loss is simply 

 ( )0( ) 1 Sq
q S e

S
−= −  (15) 

Equations (14) and (15) are sufficient to solve for S. In the case of Fig. 9(b), 9.7.S =  In 
addition, the beam waist on the saturable absorber is calculated to be 45 μm using ABCD-
matrix analysis, and the saturation flux of the saturable absorber is estimated to be 

130 2μJ/cm .  This is a typical value for the saturable absorbers used in our experiments. 

 

Fig. 10. AM-to-PM conversion factors. (a) Absolute value of S*dt/dS in units of one 
thousandth pulse width for 1ps and >10 ps recovery time (b) Coupling factors due to self-
steepening and timing shift on slow saturable absorber (SA) with recovery time longer than 10 
ps and S = 8.2. 

The absolute value of parameter ( )s /S t S S ⋅ ∂ ∂ 
  in Eq. (7) and the coupling factors in 

Eq. (6) and (7) are plotted in Fig. 10. In these plots, 1% modulation depth is assumed. As 
shown in Fig. 10(a), the temporal shift of the pulse increases with longer recovery time, but 
remains virtually constant when the recovery time is sufficiently large (100 times longer than 

pulse duration). The absolute value of ( )s /S t S S ⋅ ∂ ∂ 
  is maximized at 8.2.S =  The value 

corresponding to 9.7S = , where the saturable absorber operates in these studies, is very close 
to the peak value. In addition, the parameter becomes zero when 3,S ≈  at which the timing 
shift due to the saturable absorber vanishes. The coupling strengths due to the self-steepening 
effect and temporal shift due to the saturable absorber are both plotted in Fig. 10(b). The self-
steepening coupling factor is 7.6 dB stronger than that of the slow saturable absorber. In other 
words, the self-steepening effect dominates in the case of our mode-locked Cr:LiSAF lasers. 

The magnitude of the temporal shift due to the saturable absorber is sensitive to 
modulation depth. For a given pulse duration, the peak temporal shift scales linearly with 
modulation depth, and therefore the coupling factor in Eq. (7) scales as the square of the ratio 
change. For example, if the modulation depth doubles to 2%, there will be a 6-dB increase in 
the AM-to-PM coupling strength due to the saturable absorber. In this case, the effects of self-
steepening and slow saturable absorption become comparable. However, a large modulation 
depth usually leads to q-switching instabilities. Our experiments with femtosecond 
Cr:Colquiriite lasers show that saturable absorbers with modulation depths below 1.5% can 
start and maintain stable continuous-wave mode-locking, whereas modulation depths larger 
than 2% usually result in q-switched mode-locking. This implies that, for femtosecond 
Cr:Colquiriite lasers, the contribution of saturable absorption to pulse temporal shift is often 
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negligible as long as the laser is stably mode-locked. In the case where AM-to-PM coupling 
due to the saturable absorber is strong, a relatively small saturation parameter is preferred, 
because the effect is minimized as S approaches 3. 

5. Conclusion 

Characterizing attosecond timing jitter of ultrafast solid-state lasers is of great importance. As 
mode-locked fiber lasers demonstrate sub-100-as timing jitter at quantum limit, the studies on 
diode-pumped saturable absorber mode-locked Cr:LiSAF lasers show that the upper limit of 
optical pulse trains timing jitter in such systems is 30 as, integrated from 10 kHz to 50 MHz 
(Nyquist frequency). The measured timing jitter is mainly limited by the phase detection noise 
floor and AM-to-PM conversion of pump intensity noise due to the self-steepening effect. By 
further optimizing the BOC and improving phase detection sensitivity, it would be possible to 
approach the 13-as timing jitter of KLM Ti:sapphire lasers by the more compact, efficient and 
directly diode-pumped Cr:LiSAF lasers. 

Recently, high-brightness single-mode tapered diode lasers at 675 nm with >1W output 
power became available [36]. Such high-power diode lasers have been used to build 
femtosecond Cr:LiSAF and Cr:LiCAF lasers [37]. Although these diode lasers are currently 
expensive and their intensity noise remains unreported, the high-power pump source could 
potentially further reduce footprint and complexity of Cr:Colquiriite lasers. 

The presence of a saturable absorber in femtosecond Cr:LiSAF lasers does not adversely 
affect timing jitter for a wide range of saturation parameters. The modulation depth of the 
saturable absorber is usually less than 1% to ensure stable continuous-wave mode-locking, in 
which case the AM-to-PM coupling due to pulse temporal shifts of a slow saturable absorber 
is weak compared to the self-steepening effect, even when the saturable absorber operates at 
the saturation parameter that maximizes the coupling. For the cases where the peak AM-to-
PM coupling due to the saturable absorber is strong, it is still possible to properly choose 
saturation parameters that minimize saturable absorber’s influence. In particular, the temporal 
shift due to the saturable absorber vanishes when 3,S ≈  which is independent of saturable 
absorber parameters and operation point, although it is non-trivial to precisely operate the 
saturable absorber at that point in experiment settings. 

The timing jitter study shown here proves that saturable absorber mode-locked ultrafast 
Cr:LiSAF lasers are promising compact and ultralow jitter sources for optical pulse trains and 
microwaves. Future work will be focused on extracting ultralow-noise microwave signals 
from low jitter ultrafast Cr:LiSAF lasers. 
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